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Definition: Let R be an arbitrary ring. We will say that a module M € R—mod is w-flat if the functor
~®g(M, +M,) is exact on the category R-module. In other words, if whenever O »>A—B —-C -0
IS a short exact sequence in R-mod. the

0—->A®,(M,+M,)>B®, (M, +M,)>C®, (Mj+M,)=>Ois a short exact sequence. Since
~®(M,;+M,) is exact on the R.MH.S, “the modulery, M is w-flat if any
AQ, (M, +M,)— B®, (M, +M,).

Lemma 1 : Let R be a ring with local unitshFor any«MEmod-R the map (M, +M,):(M, +M,)

— (M, +M,) given by Zn:(Mi +M; )®ri - Zn:(Mi +M; )® ris an isomorphism of right R-modules.
i-1 -1

j=1 -1

Proof : Since (M,+M,)R=(M_4M,)this map gisi'clearly an epimorphism. Suppose

n

Z(Mithj)ri =0. “Lety,cbe a local unit in R-Satisfying er, =re=r, for i=1, 2, 3...... n. Then
i-1
j=1

n n

Z(Mi +Mj)®ri =Z(Mi +Mj)®ri e:zn:(miri+mjri)®e:®e:o.

i—1 i-1
j=1 j=1
Corollary : A ring R'withylocal"units is w- flat as a left R-module.

Proof: Let A=A +A,and B=B, +B,.let O——>A—">Bbe an exact sequence of right R-

modules. Tensoring with the left R-module R, we get a commutative diagram.
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(@ ——

Ua

f ®idg
O—— A®R— B®R

Where id is the identity map on R and z,, 1 are the isomorphism defined in lemma 1. Since y,, f and

ugare all monomorphism, so is f ®id.Hence R is w flat in R-Mad.

Proposition 3 : Let A is an ideal of a ring R, The following condition’s ar¢'equivalent:
1. A=(A +A,)isapure ideal of R.
For each finite family ¢; <i < nof elements of A there exists t.c Asuch that o; = ;tVi,| <i<n.

For all o € Athere exists g e Asuchithe o =af .

is a w-flat R-module.
A+A

Morever, if Alisfinitely generated, then A'is'pureif.and only if it is generated by an idempotent.
Proof: (ii) = (iii) is obviQus:

(i) = (iv) Let B be anyideal of R. we must prove that AnB=AB.If ac(A + A, )~ Bthere

exists t e (A +A))such that o =at.Mence o (A + A, )B.

(iv) = (i) If @e A + A,,then R = (A + A, )"Ra=(A + A )a = Ac.

(1) = (i) If e A+ A,, IS solution of the equation ox = «.So this equation has a solution in
A+A =A

(iii) = (i) Let o,a,,a,......a, be elents of (A +A,)=Awe proceed by induction on n. There

exists t € (A + A, )such that e, = te,,. By induction hypothesis there exists S € A + A, Such that
a, —ta, =s(a, —ta, Vil <i<(n-1)

Now, it is easy to check that (s+t —st)e;, = a;Vi, I <i<n.
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n
(if) = (i) we consider the following system of equation’s Zr
i-1

h=a,eAl<I<P

jili

Assume that (S, 5,,f;......5,)1s a solution of this system in R. There exists S e(A1+A2)such that

a;=Sa;vj, 1 <J < P,s0(sa,,8a,,5a, sa, )is a solution of this system in A, A, = A.

Lemma : Let O—>A—>B—>C —>0O be an exact sequence suchihthat A and C are strongly w-Flat
modules, then B is strongly w-Flat modules.

Proof: Let M be a strongly w-flat modules, by induced exact sequence.

Extt(C®(M, +M,))— Exti(B®(M, +M,))— Ext: (A®(M, + M,))

Singe Ext:(C®(M, +M,))=0 and Ext:(A®(M; +M,))=0O then Extx(B.® (M, +M,))=0
Example : The Z-module Q is strongly Flate Modules Recall that R is called a mantles domain if the

projective dimension of Q (or, equivalently, k) is one. The module C is calledymatlis cotorsion if
Extr(Q®C)=0and M is called strongly w-Flatif Extg (M, +M,)® C)= O for every Matlis cotorsion
R-Module C.

Corollary : Let R is a semi-Dedkind demainmif M is a Ww-projective R-module and N is weak w-
Projective R-Module then, (M, + M, )®;" is weak w-Projective.
Proof: The, is omorphismy, Tor®(My+M,)®N,A)=(M, +M,)®Tor,"(N, A)together pure w-

projective and pure w-injectve

It follows o(M; 4 M, ):(M, + M, )= E(M, + M, )denotes the pure injective envelope of an R-module
M where M =M, +M,iRecall that an ijective envelope o(M, +M,): (M, +M,)— E(M, + M, )has
the unique mapping property (1) if for and homomorphism f: (M1 + Mz)—> N with kerf = O and N is
pure injective, there exist a unique homomorphism g: E(M, +M,)— Esuch that gom: f.where

M, +M, =M.

Theorem : The following statements are equivalent.
(@) R is a priifer domain
(b) Every R-module is pure w-projective.
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(c) Exty'(M, +M,,N)=0Ofor all pure w-injective R-module N.

(d) Every pure w-injective R-module has on injective envelope with the unique mapping property.

Proof: (a) = (b) it is easy to verify.

(b) = (c) if every R-module is pure w-projective then Ext,"(M, +M,,N)=0

(d) = (a) det M be and pure w-injective R-module. We have the following exact commutative

diagram.
@)

G(M1+M2)
O—> M, +M,) —————>E(Wp: M,)

oly

4
E(L) — E(lL) ——" E(L)

Note that oL.yoM =0 =0OoM-, soyoly = O by (d) therefore L=im(y) < ker(olL) = Oand hence M is
pure w-injective where M =M, +M,.

Let | is a class of R-modules and M is.@amyR-module. A homomorphism ¢ < Hom, (N, M )with Nel is
called and'l pure-precover of M ifithe induces map. HOM, (1,,,9) :

HOM, (N*,N)=>HOM, (N*,M, *M3)is  surjective for all N'el.An  I-pure  cover
¢ € HOM,(N,M +M,)is called an I-pure cover if each y € HOM,(N,M, +M,)is called an I|-pure
cover if each y e HOM_ (N, N) satisfying ¢ = ¢y is an automorphism of N. The class | is called a pure

precover class if every R-module has an |-pure precover.

If | is the class of pure w-injective R-modules then an I-envelope is called a pure w-injective envelope.
Proposition : If M is an R-module, then the following are equivalent:

(i) Mis pure w-projective; Where M =M, +M,
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(i) M is pure projective with respect to every exact sequence O —->A—>B—>C — 0O, where A'is
pure w-projective.
(iii) For every exact sequence O - K —F — M — Owith kerf = O where F is pure W- injective,
K — Fis a pure w-injective preenvelope of K.
(iv) M is cokernel of a pure w-injective preenvelope K — F with F projective.
Proof: (i) = (ii) Let O—>A—>B—>C —Ois an exact sequence, where A is pure w-injective. Then
Ext,'(M, +M, + A)=0by (i), Thus HOM.(M, +M,,B)— HOM, (M, + M,,C)— Ois exact, and (ii)
holds.
(i) = (i) For every pure w-injective R-module” N, “there is a short exact sequence
O—>N—>E—>L—>0Owith E injective, which induces an exact sequence
HOM. (M, +M,,E) > HOM. (M, +M,,L)& Ext,' (M, + M,,N)— O.Since
HOM, (M, +M,,E) - HOM. (M, + M,,L)=>0 is exact by (ii), we have Extq (M, +M,,N)=0and
(i) follows.
(1) = (i) it is easy to verify.
@ii)=(v) Let O—>K—=P—>M —>O0is an exact sequencé with P-pure projective and
M =M, + M,.Note P is pure w=injective by hypethesis, thus®K — P'is a pure w-injective preenvelope.
(iv) = (i) There is anyexact sequence O - K —-P-—>M —»Owhere K —Pis a pure w-injective

preenvelope  with P pure  projective. It gives rise to the exactness of

HOM, (P,N)~> HOM, (K, N) = Ext,,"(M,N)=> O for each pure w-injective R-module N.

Note that HOMg(P, N) - HOM,(K;N) - Ois exact by (iv). Hence Ext,"(M,N)=0,as desired.
Where M =M, + M,

PURE W-PROJECTIVE DIMENSION OVER SEMI-DEDEKIND

Definition: (a) For any R-module M, let pure w-injective dimension P wid (M) of M, denote the smallest
integer n>osuch that ExtR"”(N,M):O for every R-module N of weak dimension < 1. (If no such n

exists, set P wid (M) = «0)

(b) P wid (R) = Sup { P wid (M) : M is an R-module}.
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Lemma : Let R be a semi-Dedekind domain. For an R-module M, the following statement are
equivalent:
(i) Pwid (M) <n:
(i) Ext,"*(N,M )=Ofor all R-modules N of W- dimension < 1.
(iii) If the sequence O —>M —E, - E — E,, Pure w-
injective, then also E, is Pure w-injective.

Proof: (i) = (ii) Use induction on n. Clear if P wid (M) = n.I#P wid (M) < n — 1 resolve N by
O —-> K —>P—>N —O0with Kand P flat. K have P w dimension <1 and

Ext,"™"(N,M )= Ext."(K,M )= 0 by induction hypothesis.
(ii) = (iii) follows from the isomorphism Extg™(N,M )= Ext,'(N,E, ).

(i) = (i) trivial.

Proposition : Let R be a semi-Dedekind domain.“For and R-module M and an integer n > o, the
following are equivalent:
(i) PwpdM)<n;
(i) Ext,""(NgM,)=Ofor any pure wW-injectivélR-module'N;
(i) Ext,""”(M,N)=@for any pure w-injective R-module N and j > I.
(iv) There exists an exact sequence O—=>PR, > P, , —> — P, > P, > M — O where each P,is
pure w-projective.

Proof: (ii) = “(im)y For any pure w-injective R-module N, there is a short exact sequence

O —-> N — E - L — O,where E is injective. Then the sequence

Ext,""(N,L)— Ext,"*(M;N)~ Ext,"*(M,E)=0is exact. Note that L is pure w-injective so

Ext,""(M,N)=0Oby (ii)

Hence Ext,"*(M,N)=0
(1) = (ii) is similar to (i) = (iii)
(1) < (iv) is straightforward

(i) = (i) is obvious.
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