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ABSTRACT

In this paper, the author studied, oscillatory and asymptotic behavior of bounded solutions of a class of fourth order
dynamic equation with quasi-derivative of the form.

D, (x(6) + F©)x(a: (1)) + g()G (x(a(8)) ) — h()H (x(a5(1))) = 0

and

D, (x(6) + F(©)x(a (1)) + g ()G (x(z(©)) ) = h(O)H (x(5(8))) = k(t)

fort € [ty,)y, Tis atime scale with sup T = 40, t,(= 0) € T are studied under the assumption

[oe]

1
J At<ow, n=1,23
1290)

to

for various ranges of f(t), where D,u(t) = p,DA_,u(t),n =1,2,3.

Keywords: dynamic equation; neutral; delay; asymptotic, oscillation; positive and negative coefficients; bounded
solution.

1. Introduction

Kusano and Naito [2] studied a differential equation of the form

(r@®y"®) +y®OF*©),t) =0
under the following assumptions.
(1) r(t) is positive and continuous for t = t,.

(ii) y(t) F(y(t),t) is continuous for | y(t)| <oo,t>0and F(z, t) is positive for z > 0,t > t, and |, tc: r(l—t) dt < oo.
In [3], Panigrahi and Ramireddy have studied the oscillatory and asymptotic behavior of solutions of

24 A?
(OGO +p©Oy@e))”) +aO6HE®)) =0 ()

and

a2\
(roOG® +p@y@m))”) +a®6(@E®)) = £©) @
for t € [ty,%0) 1, and in [4], Panigrahi et. al. have been studied the oscillatory and asymptotic behaviour of solutions
of

2. A?
(rOGO +p®y@®)”)  +a@6(E®)) - hOH(YF ) =0 3)

and
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2. A?
(rOGO +p@y@®)”) +a@6(E®)) - hoOH (y(r®)) = f©O @
for t € [ty,%0), under the assumption

© a(t)
fto e At < oo,

Throughout this paper, for the standard notations and terminology from the time scale calculus will be used [5,6].
In this paper, we consider a class of fourth order dynamic equations with quasi derivative of the form

D, (x(®) + fF®x(a,(®)) + 96 (x(@x(®) ) = hOH (x(az(®)) =0 (5)
and
D, (x(0) + F©)x(a (1)) + g ()G (x(2())) — h()H (x(a5(©))) = k(&)  (6)

for various ranges of f(t), with the condition
1
(Ap) f—At < oo, n=123
* ) pa(®

where p,, € C([t(,%0)r, (0,%)) and f,k € C,q([to,%)7, R);
g, he Crd([to,OO)T, (2 00)); G,H € C (R, R) satisfy uG(u) > 0, uH(u) > 0 for u # 0; G is non decreasing, H is
bounded; and a;, a,, a3 € C,4 (T, T) are strictly increasing functions such that

tlim.o a,(t) = gim.o a,(t) = girg az(t) =o0,a,(t) <t a,(t) <t as(t) <t

We define the time scale interval [ty,00) = [ty,90) N T . For (5) and (6), we define the quasi derivative as follows.
Let y(©) = x(&) + f(O)x(a1 (D), Doy(®) = y(), Dyy(6) = py () D, y (1), Doy (8) =

p,(6) D *y(©), D3y (t) = p3(t) D, y(t), Dyy(t) = D3y (). Clearly, if p,(£) = r(t) and p; () = p3(£) = 1, then
the equations (5) and (6) reduces to (3) and (4) respectively.

Lett_, = inf {a,(t), a,(t), az(t)}. By asolution of (5)/(6) , we mean a function x € C,([t(,00), R) such that

te[to, )T

x®)+f (t)x(oz1 (t)) is continuously delta differentiable, D1, D,, Ds are differentiable operators and (5) / (6) are
satisfied for t > t,. A solution of (5) / (6) is said to be oscillatory if there exists a sequence {s,} in [ty,00); such
that x(sn)x(a(sn)) < 0 ; Otherwise, it is called non oscillatory.

2. Existence Lemmas and Remarks.

This section deals with the existence Lemma, Remarks and the conditions which can be used to prove the
theorems in section 3.

LEMMA 1. [3] Let F, H, p: [ty,%0) — R such that
F(t) = H(®) + p®)H(a(t)) fort € [t", ),
where 7 € [ty,0) and a(t) = t,forall t € [{, 0)g. Assume that, there exists numbers
P1, P2, P3, Ps € R such that p(t) is one of the following ranges.
(1) —o<p;=p®) =<0 2 0<p®=p,=1 B)1<py=spt)sp, <

Suppose that H(t) > 0 for large t € [t,,%0), li{n inf H(t) = 0 and that gim F(t) =L € Rexists. Then L = 0.

The following assumptions have been used to prove the theorems in Section 3.

(A1) fto P1(S1) f51 pz(lsz) fsz 2(53) f h(0) ABAs;As,As; < o ;
O e [ [ [ 9(6) A0S, Ay, = o
(43) fto pz(sz) fto p3(153) f g(0) ABAs;As, = oo

A0 [y o Jol 9(6) A0As; = oo
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(45) G(—u) = —G(u), H(—u) = —H(u) forall u € R;
(46) J 9()A6 = co.

REMARK 1.

Note that, (4,) and (4,) implies (43), (A3) and (4,) implies (4,) and also (A,) and (4,) implies (4;).

We will prove that, (4,) and (4,) implies (A3) (other two results can be proved similarly, hence omitted). Assume,
(A;) and (4,) hold, but (A3) does not hold. That is

o 1 s; 1
'ftO p2(sz) ffo p3(s3) f 9(8) ABAs;As, < oo.
Let the limit be /p. By the definition of limit, for each € > 0, there exists s;>t, such that

S1 1 S2 1
ABAs; A
fto p2(s2) fto p3(s3) f (9) Ohs;As, <o+

Multiplying both sides by

OSft 1 fsl 1 fT

T p1(s) 7T pa(s2) Ps(S
Taking limit as t—oco, and using (4,), we obtam

[oe]

0< fp1(51)jp2(52) Jp3(s3) jg(e) AOAs;As,As; < o0

which is a contradiction to (AZ).

) and integrating the inequality from T to t, we obtain

f53g(9) ABAs;As,As; < (ly + €) fT oty

REMARK 2. Let u be a continuously delta-differentiable function on [ty,00) such that Dju, D,u, Dyu are
continuously delta-differentiable functions and D,u < 0(% 0) for large ¢, then any one of the following eight cases
(a)-(h) holds, where

(@) Dyu(t) > 0, Du(t) > 0 and Dyu(t) > 0;

(b) Dyu(t) > 0, D,u(t) < 0and Dyu(t) > 0;

(¢) Dyu(t) <0, Dyu(t) < 0and Dyu(t) > 0;

(d) Dyu(t) <0, D,u(t) < 0 and Dyu(t) < 0;

(e) Dyju(t) <0, Dyu(t) > 0 and Dyu(t) > 0;

(f) Dyu(t) <0, Dyu(t) > 0and Dyu(t) < 0;

(g) Dyu(t) > 0, D,u(t) > 0 and Dyu(t) < 0;

(h) Dyu(t) > 0, D,u(t) < 0and D;u(t) <0

3. Oscillation Criteria for Homogenous Equation with f WM <o, n=1,23.

In this section, we find sufficient conditions for obtaining the oscillatory and asymptotic behaviour of bounded
solution of (5) with the condition (4,).

THEOREM 1: Let0< f(t) <fi<lorl<f, <f(t)<f; <o holds. If (4;) — (4;,) and (4s) holds, then
every bounded solution of (5) either oscillates or converges to zero as t—co.

Proof: Assume the contrary that, x(t) is a non-oscillatory bounded solution of (5) such that x(t) > 0 fort = t,. Then
there exists t; € [ty,00); such that x(t), x(a;(t)), x(a,(t)), x(as(t)) are all positive for t > t,. Setting

y@®) =x(®) +f (t)X(al Q) 7

and j(8) = 7 — [ = [7 == [ hO)H (x(a5(8))) A08s; 85,85, ®)

Notice that condition (A4,), and the fact that H is a bounded function implies that j(t) exists for all t. Now, if we let
2(t) = y(&) —j(©) = x(©) + f(O)x(a, (D) — j(©) ©)

Then, (5) changes to
D,z(t) = —g(t)G (x(az(t))) <0(#0) (10)
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for t € [t;,00). Consequently, z(t), D, z(t), D,z(t), and D3z(t) are monotonic functions on [t;,00)1. Then any one
of the cases (a) — (h) holds. Since j4(t) < 0, so j(t) is monotonic and also tlimj(t) = 0. Since x(t), f(t) and j(t)
are bounded, it follow that y(t) is bounded. Consequently, z(t) is also bounded and tlim y(t)and tlim z(t) both

exists and finite.

Case L. First, suppose that z(t) < 0 fort > t, > t;, then —c0 < gim z(t) <0.
If —o0o < tlim z(t) <0, then —o0 < gim y(t) < 0, which is a contradiction as x(t) and f(t) are positive. If
tlim z(t) = 0, then from (9), we have gim y(t) = 0. Since x(t) < y(t), then tlim x(t) = 0.

Case II. Next, suppose that z(t) > 0 fort = t, > t;.Then 0 < gimy(t) < o0 as tlimj(t) = 0. Since z(t) > 0, by

Lemma 1, any one of the cases (a)-(h) hold. Our claim in all the cases, lim inf x(t) = 0. If not, let the limit be [; >

t—oo

0. For some € > 0, there exists t; > t, such thatx(t) > [; —e > 0fort > t; > t,,t; € [t,,90). So, (10) implies
D,z(t) < —g(©O)G(ly, —€) (or) g(®)G(ly —€) < —D,z(t)

Suppose one of the cases (a), (b), (c) and (e) hold. Then integrating the last inequality, from ¢ to t, we obtain

t
G, —¢€) jg(B)AG < —Dyw(t) + Dyw(t;) < Dyw(ts3)
t3
Since tlimD3Z(t) > 0, then by taking the limit as t — oo in the last inequality, we obtain
f:g(ﬁ)AH < oo, a contraction to (4). From Lemma 1, we have gim y(t) = 0. Since x(t) < y(t), so ltim x(t) = 0.
Suppose case (d) holds. In this case also, we claim that lim inf x(t) = 0. If it is not possible, let the limit be [,>0.

t—> oo

For some € > 0, there exists t; > t, such that x(t) > [, — € > 0 for t > t5. Hence, (10) implies
g@G(, — €) < —D,z(b))

Integrating the last inequality from ¢ to t, we obtain
t
t3

Again, integrating the last inequality from t; to t, we obtain

! f g(8)ABAs

—D,z(t) = Dyz(t;) + G(I; — €) fp3(5)

3
Further, integrating the proceeding inequality from t; to ¢, we obtain

t 1 S 1 u
—D,z(t) = —D;z(t;) + G(l, — €) fpz(s) fp3(u) fg(Q)AQ AuAs

t 1 N 1 u
=>G6(, —E)J%!m(u)tfg(@)Ae Auls

Again, integrating the above inequality from t; to v, we obtain

v 1 t 1 N 1 u
260 -9 |55 | | o | o@mo masas

which is a contradiction to (4,). Hence, by Lemma 1, gim y(t) = 0. Thus, tlim x(t) = 0. Suppose cases (f) or (g)

hold. In this also, first we claim lim inf x(t) = 0. By proceeding as in the previous cases, we have

Dyz(t) < —g()G(; — € -
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Or
—D,z(t) = G(l; — €)g(b)

Integrating, the last inequality from t5 to ¢, we obtain
t
—D3z(t) = —D3z(t;) + G(l; —€) fg(H)AH
t3

Again, integrating the preceeding inequality from t5 to t, we get

1

N t 1
g(0)AbAs = G(l; —€)
oo

g(0)AbOAs
(s) t{

D3

D, >D, G(l;, —
2(t3) = Dyz2(6) + G(ls — ©) ! —

We get a contradiction, due to (4,). Thus, by Lemma 1, gimy(t) = 0. So, gimx(t) = 0. Suppose case (h) holds, in
this case also, we claim lim inf x(t) = 0. By proceeding as in the previous cases, we have

t—- oo
—D,z(t) 2 G(l, — €)g(t)
Integrating the last inequality from ¢t to t, we obtain
N
—D3z(t) = —D3z(t;) + G(l, —€) Jg(@)AH
t3
Again, integrating the last inequality from t; to t, we get
t 6
1
—D,z(t) = —D,z(t;) + G(l, — €) j— J gw)Aulo
; P3(9)t
3 3

Further, again integrating the proceeding inequality from t; to t, we obtain

t s 6
1 1
D;z(t;) = Dyz(t) + G(l, —¢€) Jpz(s) jp3(6) jg(u)Au AbAs

This implies,

t s 6
1 1
Dyz(t3) = G(ly —¢€) jpz(s) jp3(6) jg(u)Au ABAs

Since tlilez(t) exists, we get a contradiction due to (43). Thus, by Lemma 1, gim y(t) = 0 and also tlimx(t) =0.

Finally, we suppose that x(t) < 0 for t > t,. By putting,
w(ty= -x(t) for t > t, and by using (4s), we obtain w(t) > 0 and

D, (w(t) + pOW(as(®))) + 906 (w(az())) — h()H (w(as (1)) = 0

Proceeding same as x(t) > 0 case, we obtain the desired results. Thus, completes the proof of the theorem.

EXAMPLE 1. Consider the fourth order differentiable equation
(et (ef(ef(x(t) +e3x(t— 1))’) ) ) + 3t x3(t—3) —
-9t—6 —et+12y_*¥{=2)
et 6(1 +e )i = 0 (11)
For t>t,. Clearly, (4,) — (4,) and (As) of Theorem 1 are satisfied. Hence, every bounded solution of (11) either

oscillates or tends to zero as t—oo. Thus, x(t) = e3¢ is such a bounded solution of (11), which converges to zero as

t—o00.
THEOREM 2. Let — < f, < f(t) < fs < —1 holds. If (44)-(4,) and (45) hold, then every bounded solution of

(5) either oscillates or converges to zero as t—oo.
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Proof: Assume the contrary that, x(t) is a bounded non oscillatory solution of (5) such that x(t) > 0 for t > t;,
t; = t,. Using (7), (8) and (9), we obtain (10) for t > t,. Consequently, z(t), D,z(t), D,z(t), D3z(t) are monotonic
functions on [t;,00)y. Then any one of the cases (a)-(h) hold. Since j(t) < 0, so j(t) is monotonic. Since x(t), f(t)
and j(t) are bounded, it follows that y(t) and z(t) are bounded. Since j(t) and z(t) are monotonic, so ltl_r)r(}0 y(t) and

gimz(t) both exists and finite.

Case L. Suppose z(t) > 0 for t > t,. Then 0 < ltim z(t) < oo . If0< ltim z(t) < oo, then proceeding same as in
Case II of Theorem 1, we obtain lim inf x(t) = 0 and by Lemma 1, ltim y(t) = 0. This implies that, ltim z(t) = 0.

Hence, o
0 =lim inf y(t) < lim inf(x(t) + fsx(a,(t)))
o < lim i:fozx(t)) + fslim sup x(a1 (t))
=1+ fs)lti?rc;o sup x(t) o (12)
Since 1 + f; < 0, then lir?_iup x(t) = 0. Already, we ha\t/;o;)roved, lil’?_)cl;onf x(t) = 0 and hence tlirg x(t) = 0.

Case II. Suppose, z(t) <0 for t =>t, >t;. Then—oo < gimz(t) <0. If —o< tlimz(t) <0, then —o0 <
tlimy(t) < 0. Proceeding same as in Case II of Theorem 1, we can show that

lim inf x(t) = 0. Hence by Lemma 1, L{im y(t) = 0. Thus, by (12), gim x(t) = 0.

t—oo
Finally, we suppose that x(t) < 0 for t > t,. By taking, w(t)= -x(t) for t > t, and by using (4s), we obtain w(t) >
0 and

D, (w(t) + pOW(as(®))) + (06 (w(az())) — h(e)H (w(as(8))) = 0

Proceeding same as x(t) > 0 case, we obtain the desired results. Thus, completes the proof of the theorem.

EXAMPLE 2. Consider the difference equation

- _4n— —6(n— -2
A (e"A (e"A (e"A(x(n) —e3x(n— 1))))) +e? %5 (n—1) —e 4 75(1 + 75 2))% =0, n=2.
(13) Clearly, all the conditions of (4,)-(4,) and (4s) of Theorem 2 are satisfied. Hence, every bounded solution of
(13) is either oscillatory or converges to zero as t—oo. Thus, x(n) = e~3" is such a bounded solution of (13) , which
converges to ‘0.

THEOREM 3. Let -1<f, < f(t) < 0. If (44)-(4,) and (4s) hold, then every bounded solution of (5) either
oscillates or converges to zero as t—oo.

Proof: Assume the contrary, that x(t) is a bounded non oscillatory solution of (5) such that x(¢t) > 0 fort = t; > t,.
Using (7), (8) and (9), we obtain (10) fort = t;. Consequently, z(t), D,z(t), D,z(t), D;z(t) are monotonic functions
on [t;,90)7. Thus

z(t) > 0or< 0 fort = t, > t;. Then any one of the cases (a)-(h) hold. Since x(t), f(t) is bounded, it follows that
y(t) and z(t) are bounded.

Case I. Suppose z(t) > 0 fort > t,. Then 0 < gimz(t) <oo If0 < gimz(t) < oo, then proceeding same as in Case
II of Theorem 1, we obtain lim inf x(t) = 0 and hence by Lemma 1, gim y(t) = 0. Hence,

t—oo

0 =lim sup y(t) = lim sup(x(t)) + fox(a, (1))
t—oo t—oo
> lim sup x(t) + fylim sup x(a, (t))
t—oo t—oo

= lim sup x(t) + fylim sup x(a, (t))

t—oo t—
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=1+ fo)lim sup x(t) (14)

Since 1+ f; > 0, thenlim sup x(t) = 0. Already, we have prove that lim inf x(t) = 0 and hence tlim x(t) =0.

t—oo t—o

Case II. Suppose z(t) < 0 fort = t,. Then —co < gim z(t) <0.If —0 < gim z(t) < 0, then —o0 < %im z(t) <0.

Proceeding same as in Case II of Theorem 1, we can show that liminf x(t) = 0. Hence by Lemma I, tlim y(t) = 0.

t—o

Thus by (14), we have gim x(t) = 0. The case when gim z(t) = 0, we have tlim y(t) = 0. So, tlim x(t) = 0 by (14).

EXAMPLE 3. Consider
-1 N\ 2t —
et/3 (et/3 (et/3 (x(t) + eTx(t — 1)) ) ) + :Tsxs(t —3) —e 2H(1 4+ e72tH) % =0
(15)

for t > 4. Clearly, all the conditions (4,) — (4,) and (Ag) of Theorem 3 are satisfied. Hence, every bounded solution
of (15) either oscillates or converges to zero as t—oo. Thus, x(t) = e~ is such a solution of (15), which converges to
zero as t—oo,

4. Oscillation Criteria for Non-homogeneous Equations with | tc: ﬁAt < oo
n

This section is devoted to study the oscillatory and asymptotic behaviour of solutions of forced equation (6)
with suitable forcing function.

(A,) There exists a real valued continuously delta differentiable function F on[t,,00) such that F(t) changes sign,
p1F2, 0, (01 F2)2, p3 (0 (p  FA)2)? are all real-valued continuously differentiable functions on [t,,00); and
(p3(p, (P, FA)*)?)A = k and lim inf F(t) = —oo,lim sup F(t) = o .

t—oo t—ooo

THEOREM 4: Let 0 < p(t) < p < o holds. Assume that (4,), (4;), (4s) and (4;) hold, then every bounded
solution of (6) is oscillatory.

Proof: Let x(t) be a non-oscillatory bounded solution of (6) such that x(t) > 0 for t > t,. Setting y(t) as in (7), (8)
and (9). Set
v() =z(@t) - F@) =y(@®) —j) —F(®) (16)
For t > t;, equation (6) becomes
Lyw(®) = —g(1)G (x(a(8))) < 0 0)
for t € [t;,00)1. Thus v(t) is monotonic on [t;,00)r.
Suppose v(t) > 0 for t = t;.Then 0 <v(t) + j(t) = y(t) — F(t). Hence,
lim sup y(t) = lim sup F(t) - oo,

t—ooo t—
a contradiction to the fact that x(t) is bounded and hence y(t) is bounded.
Next, suppose v(t) < 0 for t = t,, then z(t) < k(t) < F(t).
So, lim inf y(t) = —o, a contradiction to the fact y(¢t) > 0. This completes the proof of the theorem.

t—-oo

EXAMPLE 4. Consider the fourth order differentiable equation

(et <et (et (x(t) - %x(t - 67‘[)>,>,

N

) ) + (5e3t + et + eM)x(t — 2m)—et(1 + cos? t)

a7

x(t—4m)

— L4t
=e* cost
1+x2(t—4m)
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for t = 7m. Clearly, all the conditions (4;), (4;), (4s) and (4;) of Theorem 4 are satisfied. Note that here F(t) =
—Floet(sint +4cost). Then, (et(et(efF(t)))")' = k(t). Also, lim sup F(t) = o0 and lim inf F(t) = —oo.
t—oo

t—oo

Hence, every bounded solution of (17) oscillates. Thus, x(t) = cost is such a solution of (17), which oscillates.

5. Future work:

(i) For nonhomogeneous equations (6), we need study the oscillatory criteria for negative ranges of f(t).

(i1) We need study the oscillatory criteria of solutions of a class of higher order dynamic equation with quasi-
derivative of the form.

D, (x(®) + f(Ox(ay(0)) + ()G (x(2,(©))) = h(OH (x(a3(8)) ) = 0
and
D, (x(®) + F(Ox(ax(®)) + 906 (x(ax(©))) = h(OH (x(a3(6)) ) = k(t)

for t € [ty,0), where T is a time scale such that sup T = +o0,t,(= 0) € T are studied under the assumption

[oe]

1
—At<ow, i=123.,(n-1)
tfpi(t)

0

for various ranges of f(t), where D;x(t) = p;DA,u(t), i =1,2,3, ...,n.
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