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ABSTRACT

Besides the generating polynomial, there are many other polynomials that can be used to generate a cyclic
code. One such another vary specific polynomial called an idempotent generator, can also be used to
generate a cyclic code. As the ring R, is semi-simpleftherefore each ideal in R, contains a unique
idempotent which also generates the ideal. This idempotent is called the generating idempotent of the

corresponding cyclic code. The idempotent generating,the minimal ideal"(minimal code) in R, is called a
Primitive idempotent.
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INTRODUCTION

THE GROUP ALGEBRA
Definition. Let G be a multiplicative group and F be a field. LetFG denotes the set of all formal
sums

a= X a(9)y
0G,x(g)eF

where {geG /a(g) = 0} IS a finite set.
Then FG is.a ring (associative) with respect te addition and multiplication defined as follows:

> a@g+ Y, BO)9I=% () + A))9

geG geG geG
and

( Ze(@o) (X phh)= X a(g)s(h)gh

geG heG g,heG

=2 72z

2eG

where ¥ (z) = X a(9)B(h) and the sum is taken over all pairs (g, h)e GxG such that gh=z. This
gh=z

ring is called the group ring of the group G over the field F.
With the scalar multiplication defined as:

o(Xa(@9) = X(oax(9))9

geG geG

=Ya(g) (&) forall 6 F,
geG
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FG becomes F-algebra with basis {g/geG}.

Definition. The ring epimorphism w: FG —F defined by
w(Xa(9)9) = Xa (9)

geG geG
is called augmentation mapping.

Remark. Let G= <g> = C; be a cyclic group of finite order n and F be a field. Let F[x] be the ring
of polynomials in indeterminate x. Then the natural homomorphism
F[x]— FG
defined by x— g is an epimorphism with kernel <x"-1> the ideal generated by x"-1, in F[x].
F(x)
<X"-1>

Hence FCh=

SEMI SIMPLE GROUP ALGEBRA

Definition. The Jacobson Radical of a ring Ruis defined to be the intersection'of all maximal ideals
of R. We denote it by J(R).

Definition. A ring R is called semi simpleiif J(R) =0.
Definition. An element e of Ris called an idempotent if e2 =€t

Definition. An element e of R is.called a primitive idempotent if it can not be written as sum of
two orthogonal (non zero),idempotents.

Definition. A ring R is called Artinian if every decreasing sequence of left ideals of R is finite.

Theorem [103;p.52]. If R is semi=simple Artinian ring and M=0 is an ideal of R, then M= eR for
some idempotent e'of R ( the idempotent e is called generating idempotent of M).

Theorem (Wedderburn) [103, p.53]. A semi simple Artinian ring is direct sum of finite number
of simple Artinian rings.

Thus in particular every semi simple Artinian ring can be written as a direct sum of finite
number of minimal ideals. The generating idempotent of a minimal ideal is a Primitive
Idempotent.

Theorem (Maschke) [103, p.143]. If F is a field, then FG is a semi simple ring if and only if G is
finite and the characteristic of F does not divides the order of the group G.
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QUADRATIC RESIDUES

Definition (Euler’s ¢ function). For each positive integer m, the number of integers in the set {1,
2,..,m} which are relatively prime to m, denoted by ¢(m), is called Euler’s ¢ function. ¢(m) is
always even integer for all integers m >2.

If p is a prime number then for every interger r>1,

r r-1_ .
o) = p —p T=pH(p-D).
It is clear that ¢ value for an odd prime is always even. In fact ¢(m) is always even integer for all

integers m > 2
Ifm= p p ..pO‘r , pi are distinct primes and o > 0,then
1 2 r
d(m) = ¢ |00‘1|o‘”2 %)

= ¢(p“1)¢( p“Z) ¢(p ")

a-1 l
(|0—1)|02 (pz -1).. p Hpr-1).

Theorem. (Euler’s ). If a and m_are positive integers with-gcd (a, m) =1, then
a?™ =1 (mod m),

Definition. If gcd (a, m) =1, the least positive integer r such thata'= 1 (mod m), is called the order
of a modulo m.
By Theorem 1.3.2, 1 < r < ¢(m).-If r = ¢(m) then-aiis called Primitive Root modulo m.

¢ (p")
Further{if.a is a primitive root mod p" thema 2 =— 1(mod p").

Definition. A setof integers { ay, @y, as o8 (m) } such that for i

aj#ay(mod m)and ged (a;,m) =1
is called reduce residue system modulo m. If a is primitive root modulo m, then the set {
1,a a%,..,a’ (m)‘l} is a reduced residue system modulo m.

Definition. Let p be an odd prime.The numbers 12,22,... reduced modulo p are called Quadratic
Residues modulo p or simply mod p.

To find the quadratic residues mod p it is enough to consider the square of the numbers 1 to
p-1,taken modulo p.Since (p-a)? = a? mod p’so it is sufficient to consider the numbers 12,22,...,((p-
1)/2)?> mod p.These are distinct. The remaining (p-1)/2 numbers modulo p are called Quadratic
Non- Residues modulo p.
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In general, if m>1 is an interger and a is any integer with g.c.d (a,m)=1,then a is called
quadratic residue modulo m if the congruence x>= a(mod m) has a solution.Otherwise a is called
quadratic non residues mod m.

Theorem [86, p.76]. An integer m >1 have a primitive root if and only if m is one of the
following:
2,4, p', 2p where p is an odd prime and t>1 is an arbitrary positive integer.

Theorem[93,p.95].
(@) Let p be an odd prime.Then -1 is quadratic residue modulo p iff
p =1 (mod 4).
(b) Product of two quadratic residues or quadratic.on residues, is a quadratic residue but the
product of a quadratic residue and a quadratic non residue is a quadratic non residue.

CODES OVER FINITE FIELDS
We denote by GF(p™) , the finite field containing p™ elements.

Definition. A polynomial m(x) is.said to be a'minimal polynomial of an element o in GF( p") if

m(x) is monic polynomial of smallest degree with coefficients in GF(p) that has a as a root. It is
unique always.

Theorem [93,p.56]. Let m(x) be the minimal polynomial of‘anelement o, in GF(p") . Then
(1) m(x) is irreducible,.
(if) If o is a root of a'polynomial f(x) with coefficients in GF(p), then m(x) divides f(x).

(iii) M) bivides xP —x.
(iv) if m(x) Isprimitive, then'its degree is r. In any case the degree of m(x) is less than or equal to
r.

Cyclotomic cosets. Consider thesét {0, 1, 2, ..., n-1}. Let | be the number such that gcd (I, n) =1.
The operation of multiplication by | divides the integer’s mod n into subsets called the |
cyclotomic cosets mod n.

The cyclotomic coset containing the integer s is {s, sI, s12,..., sI'}, where t is the smallest integer
such that s I ' = s (mod n). We denote it by Cs. Without loss of generality, if required we can
assume that s is the smallest integer belonging to Cs.

Theorem [93, p.58]. GF(p®) < GF(p") if and only if s divides r and an element « in GF(p") is in

S
GF(p¥) ifandonly if aP? =«
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Assume that n is an integer and gcd (n, p) =1. Let m be the smallest integer such that p™ = 1
mod n, then GF(p™) is the smallest field containing all the n" root of unity. We now have
following results:

Theorem [93, p.63]. Let a be a root of X" =1 in the smallest field F of characteristic p containing
all the n™ root of unity and let m(x) be its minimal polynomial . Let B be a primitive n th root of
unity in F and let a = B°. If Cs is the cyclotomic coset mod n containing s, then
mx) =[[x-5")
ieCq
Inversion formula [80, p.200]. Let o be a primitive n th root of unity in the smallest field of
characteristic p. Then the vector C =( Co, Cu,..., Cn-1) may be covered from

C(X) rlGot+ Cix +..., Cn1xX™1) by
C= Cla!)a™.

i 2
n j=0
We now assume that F = GF(q) where q is'a prime or some prime power..Let\V(n, q) denotes the
vector space over F of all n- tuples (a1, 2,8, ...,cn ), aie F

Definition. An (m, n) block codes(ms<.n) over GFE(g) consists of.an encoding function E:V(m,
g)— V(n, q) and a decoding‘function'D: \/(n, q)— V(m, q).
Elements of the image of the function E‘are called code words, if a=(a,,a,,..o,) isacode

word, we then write

a=oa,..q,.
Definition. If a=(e},,....«,) 15 In. V(n, q) then'the weight of o denoted by wt(« ), is the
number_of positions i with & i #0.

Definition. If & = (1,2 ,....om)and S =(pr, S2,..., /o) are two code words then the distance

between o and Swiritten as d(c , #) Is equal to the number of positions i such that & i # .

Definition. Any subspace:C of V/(n, g) is called a linear code over F of length n.
Thus if Cis a linear codeandhe , € C, then

d(a, B) =wt(a - B).

Definition. The minimum distance of a linear code C denoted by d(C) is defined as
d(C) =min. {d(a,p)/ a,peC,a+ [}
In view of Definitionl1.4.10,
d(C) =min. {wt(ax) / a € C, o #0}.
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Definition. A linear code of length n, dimension k and minimum distance d is called an [n, k, d]
code.

The parameter k; in the description of an [n, k, d] code is important, because k/n the rate of
efficiency of the code depends on it. The parameter d is important because the error correcting and
detecting capabilities of a code depends on it as given by the following results:

Theorem. A code with minimum distance d can correct [(d-1)/2] errors.(where [x] denotes the
greatest integer less then or equal to x.). If d is even, then the code can detect d/2 errors and can
correct [(d-1)/2] errors.

RESULTS & DISCUSSIONS

Theorem . If n = p" g™ (n ,m> 1) then the 2mn+2n+m +1 cyclotomic cosets modulo p" q™ are
given by
(i) Co= {0},
For0<j<m-1,
Co PCACHD !
(i) Cy, ={p"d,p"d1L ....p"d 14
For0<i<n-1,
#(p™")
o AEns. %!

Gii) ¢ ={p'g"p'g"hpgml 27 Y,

p'q™
g™

2

(iv) Cypqn = {o0iq=ap'q™, .. gp'q" / 3,

For0<i<n-1,0<j<m-1
¢(pn—iqm—j)_1
2

}

¢(p" ™)
2

(V) Cplqj = {plqjiplqjla ey plqj ’6

}

viy C ={opldigp'dl, ...ep'gl
gp'q’

where g is defined'in hemma 3.2.2

Proof.(i) C,= {0} is trivial.
(i) For 0 <j<m-1, since | is primitive root mod g™
9@ =1 (mod g™).
p"¢?@ =p" (mod gq™)).
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. _ o pEmI)-L
Cﬂq: {pﬂ qu pn qJ Ia cee pn qJ E }
is the cyclotomic coset containing p"q' .

#p"™")
(iii) For 0 <j <m-1,since O(() .. = 5 implies

I £ I (mod p™), for 0<s, t< @—1.
We claim that
p'g™ 1" £ p'g™ I (mod p"q™), for 0 <h, k s@—l.

Let, if possible
p'gql"=piql*(modp'q™) then _
h k n-i AP
I =l (mod p ), fon 0<h k< , e

which is a contradiction. So the set

g(p)
1

C o {P'q™ P o gl )
is cyclotomic coset containing p'q™.
(iv) On the similar linesgwe can prove the set
_ _ _ o™
C. . n= {gplqmgp'qih,. .., gp'g™ L2y
9p'q

is the cyclotomic coset'eontaining gp'g™.
n—i M- j
(V) For0s<i<n-1,0<j<sm=1since O(f) mini = W S0 we get I" =

Kmod "'q™ 0< h, k < w ~ 1.
p

1)s ijt nm
We claim that p gl "% gp.g! modp 9.

0<s,t< fr"(p_zq’) )

Let,if possible
ijh ijk nm n-i ym-j
pql=gpql (modpq ).for OSh,k,SW—l.

therefore,
i i n—i ym-j
I" = K mod p™q™, for 0<h k< % 1,

which is a contradiction.Hence, the set
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g(p" ") 4
C,. = Pdpdl. ...pgl *
is cyclotomic coset containing p'c.
(vi) On the same lines we can prove the set
o s
C,.={gp'd,gp'dl, ....gp'g ¢ 2},
is cyclotomic coset containing gp'g.
We now claim that the cyclotomic cosets obtained in (i)-(vi) above are the only cyclotomic cosets
modulo p"g™.
By constructions of cyclotomic cosets in (i)-(vi) it follows easily that:
ICol=1, :
C,.,s [=0(p™) IC L FIC .y Fo(p™)/2.

[SIFET L CECD
pal ap'q 2

Then by order considerations, it follows that the sum:

1 m-1 (n-1m-1)

|co|+2[|cim|+|cim|+2|cnj|+ D 0C 0 H1C,l

(1, )=(0,0)

i ”W¢m“0 ﬂp“) mj+mMM)ﬂp“¢”) A pq")
_l+|=ot 2 Z; d (i,j= ,0)[ 2 2 ]

Hence Co, C

C C, i, C_,;are allthe eyclotomic cosets modulo p"g™.

c.C
pg T B gplq™* pg gp'

nym

Primitivelidempotents in F[x]/ < X VIS

For0<s<m—-LletCs={s,sl, ...; sl M5t }, where myis the least positive integer such that
sl ™=s mod m.
If o is the primitive m® root of unity in some extension of GF( 1), then the polynomial.
MO)(x) = H(X —a') isthe minimal polynomial of o® corresponding to Cs over GF(l). Let Is be
ieCs -
g;e minimal ideal in Rm generated M) and 0s(s) be the primitive idempotents of I

1 if jeC,
Then we know that 6,(a)) = 0 yp ¢ C
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Notation.For O0<i<n—-1 ,0<j<m-1,

1. A=Y a B =2 a""

seCqy seCy

40,

40
p"ig™ 0 Z p"lg™ \gls
(a' ) N1 = (a )
s=0

2

s=0

Clearly A;; and B, ;,moand na belongs to GF (1)

j,K _an'a" p R
- eza*p'qfs &qin =Za was where ogis primitive

seC ik
pP"g™th root of unity in some extensiondfield of GF (1) .

4'0”()():52)(5 » Ogun (¥)= 2

gpq

Remark.

op'gdl* — piqu N=in— j :
a .Now »f[=« ecomes p™g" ! th root of unity,

therefore B = B iff M= mod p™ g™ iff w= modﬁ(pn—_éqﬂ).Therfore,
#(pan)_ ) (pmigni)

L e

Ai,j:zaplqjs: S:ZO: P a! :W SZ:(; ,Bgl
W(ear) ) .

Similarly B, ; _ Z ﬁ .
¢(p g™ -
#lp* g+ )_1

p'q's s i+j r+k
Proof. ZO{ = i ,6" for f=aP 9 then Bis primitive
SEijqk s=0

s

Vv

. . u
P~ Iq™" th root of unity, therefore ' = /' iff 1Y= 1Y mod p" ~ig™ "

iff u=v mod ‘b(nljamrk)

I—X1
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¢(pnfj quk ) . ) ¢(pn—i—jéq m-r—k )_1

2 S

s=0 ; ﬁl

Case 1: Using remark 3.3.3 ,then the above sum equals )
1 for(i+j)<n-1,(r+k)<m-
1

S

B
i+ j,r+k
p'q"
case 2: when (i +j)>n, (r + k )< m —1,then Bis primitive g™ ~* th root of unity and

n—-r—k
{1, 111 2,..J¢<q %1 forms reduced residue system mod @M=" , therefore ,by lemma

Ao iqm )

1

n-j m-k-
¢(qm—r—k%1 . |(U_¢(D )q ifor+k=m-1

“r—k =<¢ 2
¢(qm r ) 5=0 To if Lk <m-1
Case 3: when (i + j)<n—1,(r +k)>m, B is primitive p"~'J th rootofunity and therefore
by lemma 2.3.7,

2.3.1,the sum is

g(pni-] )_1

s=0

s€Cj & pn—i—j 0 if [ +(' <n-1

—jym—k
: prign+)
Case 4 :when (i + j)> n,(r +k)>n thengB= 1,thereforeithe sum is :
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